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Abstract
We propose a new vertex formalism, called anti-refined topological vertex (anti-vertex
for short), to compute the generalized topological string amplitude, which gives rise to
the supergroup gauge theory partition function. We show the one-to-many correspon-
dence between the gauge theory and the Calabi–Yau geometry, which is peculiar to
the supergroup theory, and the relation between the ordinary vertex formalism and the
vertex/anti-vertex formalism through the analytic continuation.
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1 Introduction
Supersymmetric gauge theory plays a key role to understand a lot of aspects of string/M-
theory. For example, the 4d/5d/6d supersymmetric gauge theories can be realized as Calabi–
Yau compactification of the string/M-theory, so that we can study the string/M-theory
duality by the supersymmetric gauge theories. Especially, for the 5d N = 1 SU(N) su-
persymmetric gauge theories which can be also embedded into the string/M-theory, we can
solve the low energy dynamics according to the Seiberg–Witten theory [1].
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Certain classes of 5d N = 1 SU(N) supersymmetric gauge theories have realization
using the (p, q) 5-brane web diagram in type IIB superstring theory. Once we find the brane
construction of the theory, its extension is possible by introducing additional stringy objects.
For example, incorporating O5-planes, O7-planes, and (p, q) 7-branes to the web diagram,
one can construct the supersymmetric gauge theories with various types of the gauge group,
such as Sp(N), SO(N), and exceptional groups. The partition function of these theories can
be calculated by the localization method in particular for the classical gauge groups [2, 3, 4].
However, as a more efficient way, we can use the topological vertex techniques developed
to calculate the partition function of the topological string theory on non-compact toric
Calabi–Yau manifold [5, 6, 7]. Originally, the equivalence of the partition function of 5d
N = 1 SU(N) supersymmetric gauge theory compactified on a circle S1 and the toplogical
string theory on non-compact toric Calabi–Yau manifold has been proposed in [8, 9, 10, 11]
which is now known as geometric engineering. After several efforts, we can calculate the
partition function of the 5d N = 1 supersymmetric gauge theories with several gauge groups
we mentioned above. Moreover, quite interestingly, we can even express the 6d theory
compactified on a torus by the (p, q) 5-brane web with or without orientifold-plane in a sense
that we can obtain the elliptic genus of the instanton moduli space engineered in M-theory
from the web diagram by the topological vertex techniques [12, 13, 14, 15]. Therefore, the
web diagram of supersymmetric gauge theories and the topological vertex computation are
compatible, and we can discuss several dualities pictorially and quantatively. For example,
through the Hanany–Witten effect by moving (p, q) 7-brane, we find a duality which can be
checked by calculating the partition functions from the topological vertex.
Another interesting extension in the gauge theory is the supergroup gauge theories. In the
type IIA construction, this gauge theory can be realized by adding negative (ghost) branes [16,
17, 18]. For example, the U(m|n) gauge theory can be realized by the m D4-branes and
the n negative D4-branes suspended between two paralell NS5-branes (see also Fig. (5.9)).
Although the partition function of the supergroup gauge theory has been provided in [19]
based on ADHM construction, neither the web diagram description nor topological vertex
realization are given.
In this paper, we propose the web diagram description of supergroup gauge theories by
introducing anti-trivalent graph, and define anti-topological vertex as an extension of the
topological vertex formalism giving the instanton partition functions of supergroup gauge
theories. After giving the prescription how to use the new vertex, as a consistency check, we
calculate the building blocks of the web diagram, and reproduce the instanton contributions
for the vector multiplets, bifundamental multiplets, and fundamental multiplets given in [19].
Then, as an application, we check the expected ambiguity of the web diagram descrip-
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tion of supergroup gauge theories. For example, when we consider U(2|1) gauge theory,
there are more than two web diagram descriptions. We show that the partition functions
calculated from these web diagrams are equivalent under suitable parameter correspondence.
As another application, we consider the relation of the gauge theory with the supergroup
and ordinary group which is also discussed in [18, 19]. For simplicity, in this application we
consider the unrefined (anti-)topological vertex. Then, we find the explicit relation between
anti-topological vertex and usual topological vertex. We also find the relation between the
building block of the supergroup gauge theory and the ordinary gauge theory.
The organization of this paper is as follows. In Section 2, we briefly review the super-
group gauge theories and their partition functions. In Section 3, we propose the anti-refined
topological vertex and corresponding anti-trivalent graph in the same way as the ordinary
topological vertex and its trivalent graph description. Then, in Section 4, we calculate the
building blocks of the web diagram, and discuss the ambiguity of the web diagram description
of U(2|1) supergroup gauge theories. After that, in Section 5, we consider the web diagram
describing the pure supergroup gauge theories, and discuss the relation between the gauge
theory with the supergroup and usual group in the unrefined case. Finally we summarize
our results and discuss some future works in Section 6. In Appendix A, we summarize some
notations and useful formulae.
2 Supergroup Gauge Theory
In this Section, we briefly review the supergroup gauge theory and the associated supersym-
metric localization to derive the partition function.
2.1 Lagrangian and instantons
Let G be a Lie supergroup, e.g., G = U(n+|n−). The dynamical degrees of freedom of the
supergroup gauge theory is the gauge field, which transforms under the supergroup action,
Aµ → gAµg−1 + g∂µg−1 with g ∈ G. Then the G-gauge invariant Yang–Mills action is given
by
SYM =
1
2g2YM
∫
d4x StrFµνF
µν (2.1)
where “Str” is the supertrace operation, which provides the Killing form for the correspond-
ing Lie superalgebra: For example, the supertrace over the graded vector space Cn+|n− =
Cn+ ⊕ Cn− is given by StrCn+|n− = TrCn+ −TrCn− . In particular, for G = U(n+|n−), the
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Yang–Mills action consists of positive and negative parts,
SYM =
1
2g2YM
∫
d4x TrCn+ (FµνF
µν)+ − 1
2g2YM
∫
d4x TrCn− (FµνF
µν)− (2.2)
where (FµνF
µν)± schematically denotes the positive/negative contribution of the Lagrangian.
We immediately notice that this action is unbounded since the kinetic term of the negative
part has a wrong sign. In other words, the U(n+|n−) gauge theory is interpreted as a quiver
gauge theory with two gauge nodes, (G+, G−) = (U(n+),U(n−)), where the off-diagonal
components of the gauge field play a role of the bifundamental matters [18, 20, 21, 22, 23].
The supergroup gauge invariance imposes a constraint on their coupling constatnts (τ+, τ−) =
(τ,−τ), where τ is the complexified coupling constant τ = θ
2pi
+
4pii
g2YM
associated with the
G-invariant θ-term,
Sθ =
θ
16pi2
∫
d4x StrFµνF˜
µν . (2.3)
The imaginary part of the physical coupling should be positive, Im τ = 4pi/g2YM > 0. Once
assuming Im τ+ > 0, the other must be Im τ− < 0, which is unphysical, due to the supergroup
condition.
As well as the ordinary gauge theory, the θ-term and the associated topological configu-
ration, namely the instanton, play an important role in the non-perturbative aspects of the
supergroup gauge theory. The ADHM analysis for the supergroup gauge theory shows that
we need two non-negative integers to parametrize the topological charge of the instanton [19],
− 1
16pi2
∫
d4x StrFµνF˜
µν = k+ − k− , (2.4)
where k± is interpreted as the positive/negative instanton number.
2.2 Supersymmetric localization
In the presence of the spacetime supersymmetry, we can further study the non-perturbative
aspects of gauge theory. In particular, 4d N = 2 (5d N = 1) gauge theory partition function
is obtained through the instanton counting with the Ω-background [2] together with the
supersymmetric localization. In the case of the supergroup gauge theory, it turns out to be
a double sum over the positive and negative instantons [19],
Z =
∞∑
k±=0
qk+−k− Zk+|k− (2.5)
where the instanton fugacity q is given by the complexified coupling q = exp (2piiτ). The
(k+|k−)-instanton contribution for U(n+|n−) gauge theory is given by
Zk+|k− =
∑
|~λ±|=k±
Z~λ± . (2.6)
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Here we define two sets of partitions
~λ+ = (λ+1 , . . . , λ
+
n+) ,
~λ− = (λ−1 , . . . , λ
−
n−) , (2.7)
where each λ±α is a partition obeying the non-increasing condition
λ±α = (λ
±
α,1 ≥ λ±α,2 ≥ · · · ≥ 0) ∈ Z∞≥0 (2.8)
and
|~λ+| =
n+∑
α=1
∞∑
i=1
λ+α,i , |~λ−| =
n−∑
α=1
∞∑
i=1
λ−α,i . (2.9)
The contribution Z~λ± consists of the vector, fundamental and antifundamental hyper mul-
tiplet factors, evaluated with the super instanton configuration (~λ+, ~λ−),1
Z~λ± = ZvectZ fZaf . (2.10)
For quiver gauge theory, involving plural gauge nodes, there also exists the bifundamental
matter contribution, connecting different gauge nodes. The explicit forms of these contribu-
tions are shown in the following.
Vector multiplet We first consider the vector multiplet contribution. In order to write
down the formula, we define a set of the dynamical x-variables,2 which characterizes the
instanton configuration instead of the partition,
X± = {x±α,i = ea
±
α±2λ±α,i±1(i−1)}α=1,...,n±,i=1,...,∞ . (2.11)
This implies that the Ω-background parameters are flipped for the negative node similarly
to the coupling constant [19]. Then the Chern supercharacter of the corresponding universal
sheaf on the instanton moduli space is written in terms of the x-variables,
sch Y = ch Y+ − ch Y− (2.12)
where
ch Y± = (1− e±1)
∑
x∈X±
x. (2.13)
1One can also impose the Chern–Simons term in particular for 5d gauge theory, which we do not consider
in this paper for simplicity.
2In the following, the Ω-background parameter (1, 2) will be identified with the refined string coupling
constatns, (q, t) = (e1 , e−2). We also use the notation + := 1 + 2 = log(q/t), which becomes zero in the
unrefined situation.
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The supercharacter of the virtual class for the vector multiplet is defined
sch V =
sch Y∨ sch Y
(1− e1)(1− e2) =
∑
σ,σ′=±
σσ′ ch Vσσ′ (2.14)
with the dual denoted by Y∨, and each contribution has an explicit form in terms of the
x-variables
ch V++ =
1− e−1
1− e2
∑
(x,x′)∈X+×X+
x 6=x′
x′
x
, ch V+− = e−+
1− e−1
1− e−2
∑
(x,x′)∈X+×X−
x′
x
, (2.15a)
ch V−+ =
1− e1
1− e2
∑
(x,x′)∈X−×X+
x′
x
, ch V−− =
1− e−1
1− e2
∑
(x,x′)∈X−×X−
x 6=x′
x′
x
. (2.15b)
Then the full partition function contribution for the vector multiplet is given by
Zvect = I[V] =
∏
σ,σ′=±
Zvectσσ′ (2.16)
where we apply the index defined, for a given character ch X =
∑
X x,
3
I[X] =
∏
x∈X
(
1− x−1) . (2.19)
Each contribution in terms of the x-variables has an explicit form of
Zvect++ =
∏
(x,x′)∈X+×X+
x 6=x′
(e+x/x′; e2)∞
(e2x/x′; e2)∞
Zvect+− =
∏
(x,x′)∈X+×X−
(e++1x/x′; e2)∞
(e+x/x′; e2)∞
(2.20a)
Zvect−+ =
∏
(x,x′)∈X−×X+
(e2x/x′; e2)∞
(e−1+2x/x′; e2)∞
Zvect−− =
∏
(x,x′)∈X−×X−
x 6=x′
(e+x/x′; e2)∞
(e2x/x′; e2)∞
(2.20b)
with the q-shifted factorial (q-Pochhammer) symbol
(z; q)n =
n−1∏
k=0
(1− zqk) . (2.21)
3The 6d N = (1, 0) gauge theory partition function compactified on a torus with the modulus τ is similarly
obtained with the elliptic analog of the index,
Ip[X] =
∏
x∈X
θ(x−1; p) (2.17)
with the elliptic nome p = exp (2piiτ) and the theta function defined
θ(z; p) = (z; p)∞(pz
−1; p)∞ . (2.18)
See, for example, [24] for details.
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Bifundamental hypermultiplet The bifundamental hypermultiplet contribution is sim-
ilarly formulated for quiver gauge theory. Let Γ be a quiver Γ = (Γ0,Γ1) with sets of the
gauge nodes Γ0 and the edges Γ1. We define the Chern supercharacter for the virtual class
for the bifundamental hypermultiplet,
sch He = −eme
sch Y∨s(e) sch Yt(e)
(1− e1)(1− e2) (2.22)
where e ∈ Γ1 is the edge connecting the source node s(e) and the target node t(e); me is
the corresponding bifundamental mass parameter; (Yk)k∈Γ0 is a collection of the universal
sheaves assigned to each node k ∈ Γ0. Define sets of x-variables Xk for the node k ∈ Γ0.
Then the full partition function contribution is given by
Zbifunde = I[He] =
∏
σ,σ′=±
Zbifunde,σσ′ (2.23)
where
Zbifunde,++ =
∏
(x,x′)∈X+
s(e)
×X+
t(e)
x 6=x′
(e−me+2x/x′; e2)∞
(e−me++x/x′; e2)∞
, (2.24a)
Zbifunde,+− =
∏
(x,x′)∈X+
s(e)
×X−
t(e)
(e−me++x/x′; e2)∞
(e−me+++1x/x′; e2)∞
, (2.24b)
Zbifunde,−+ =
∏
(x,x′)∈X−
s(e)
×X+
t(e)
(e−me−1+2x/x′; e2)∞
(e−me+2x/x′; e2)∞
, (2.24c)
Zbifunde,−− =
∏
(x,x′)∈X−
s(e)
×X−
t(e)
x 6=x′
(e−me+2x/x′; e2)∞
(e−me++x/x′; e2)∞
. (2.24d)
Fundamental hypermultiplet For the fundamental and antifundamental hypermulti-
plets, we define
sch Hf = − sch Y
∨ sch M
(1− e1)(1− e2) (2.25a)
sch Haf = − sch M˜
∨ sch Y∨
(1− e1)(1− e2) (2.25b)
where the Chern roots for the matter sheaves are given by the fundamental and the anti-
fundamental mass parameters, namely the equivariant parameters associated with the flavor
symmetry,
sch M =
nf+∑
f=1
em
+
f −
nf−∑
f=1
em
−
f (2.26a)
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sch M˜ =
naf+∑
f=1
em˜
+
f −
naf−∑
f=1
em˜
−
f (2.26b)
Then the full partition function contribution is given by the index
Z(a)f = I[H(a)f] . (2.27)
We remark that these are also obtained from the bifundamental contribution by freezing
either the source or the target gauge node. See [19] for the explicit forms of the full partition
function contribution in this case.
3 Anti-Refined Topological Vertex
3.1 The vertex
Before introducing the new vertex, we briefly review the ordinary refined topological vertex
Cλµν(t, q) defined in [5, 6, 7],
Cλµν(t, q) = t
− 1
2
||µT||2q
1
2
(||µ||2+||ν||2)Z˜ν(t, q)
∑
η
(q
t
) 1
2
(|η|+|λ|−|µ|)
sλT/η(t
−ρq−ν)sµ/η(q−ρt−ν
T
),
(3.1)
where sµ/η(x) is the skew-Schur function, and λ, µ and ν denote the partitions (Young
diagrams), characterizing the boundary condition of the vertex. We summarize the notations,
definitions, and useful formulae in Appendix A. The refined topological vertex is depicted as
a trivalent vertex ordered in a clockwise way:
Cλµν(t, q) :=
λ t
(−1,−1)
µ
q(0, 1)
ν
(1, 0) (3.2)
where the partitions λ, µ and ν, are assigned to the legs, and two of them have the argument,
t or q. We also assign the charge vectors for them. The leg without argument is called
the preferred direction. By gluing vertices, we can calculate the refined topological string
amplitude on the non-compact toric, and some of non-toric Calabi–Yau geometries. The
gluing rule for two vertices is to sum up all the possible partitions (namely, the boundary
conditions) with the weight (−Q)|µ|fnµ or (−Q)|µ|f˜nµ,∑
µ
Cλ1ν1µ(t, q)Cλ2ν2µT(q, t)(−Q)|µ|f˜nµ(q, t) for preferred direction, (3.3a)
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∑
µ
Cλ1µν1(t, q)Cλ2µTν2(q, t)(−Q)|µ|fnµ(q, t) for other directions, (3.3b)
where fµ(t, q) and f˜µ(t, q) are the framing factors,
fµ(t, q) = (−1)|µ|t
||µT||2
2 q−
||µ||2
2 , f˜µ(t, q) = (−1)|µ|
(
t
q
) |µ|
2
t
||µT||2
2 q−
||µ||2
2 , (3.4)
whose choice depends on which two legs are used to glue together: We use fµ(t, q) to glue
along the preferred directions, otherwise we use f˜µ(t, q). The weight Q is the Ka¨hler param-
eter assigned to the edge. The integer n is given by the wedge product of two charge vectors,
n = v2 ∧ v1, as follows:
ν1, tv1 = (p1, q1)
λ1, q
Q, f˜nµ
µ
ν2, q
v2 = (p2, q2)
λ2, t ν1v1 = (p1, q1)
λ1, t
Q, fnµ
q µ t
ν2
v2 = (p2, q2)
λ2, q
(3.5)
3.2 The anti-vertex
Now we define a new vertex, that we call anti-refined topological vertex (anti-vertex for
short), denoted by C¯λµν(t, q),
C¯λµν(t, q) = t
− 1
2
||µT||2q
1
2
(||µ||2−||ν||2)Z˜ν(t−1, q−1)
∑
η
(q
t
) 1
2
(|η|+|λ|−|µ|)
sλT/η(t
ρqν)sµ/η(q
ρtν
T
).
(3.6)
This anti-vertex is essentially the same as the ordinary vertex, but with the replacement
(q, t) ↔ (q−1, t−1), which corresponds to the flip of the coupling constant gs ↔ −gs where
q = e−gs . This is the reason why we call this the anti-vertex since it has the negative
coupling [17]. This is consistent with the gauge theory perspective since these parameters are
interpreted as the Ω-background parameter (q, t) = (e1 , e−2), and a similar flip, (1, 2) ↔
(−1,−2), is necessary for the supergroup gauge theory as seen in Sec. 2.2.
Similarly to the usual refined topological vertex, we introduce the graphical description
for the anti-vertex as follows:
C¯λµν(t, q) :=
λ t
µ
q
ν
(3.7)
The gluing rule between the anti-vertex and the usual vertex, and two anti-vertices are the
same as usual since the framing part of the anti-vertex except for the one along preferred
9
direction, t−
1
2
||µT||2q
1
2
||µ||, and the prefactor in the summation,
( q
t
) 1
2
(|η|+|λ|−|µ|)
, are the same
as the ordinary refined topological vertex. From these rules, we will calculate the topological
string amplitudes, which gives rise to the supergroup gauge theory partition functions.
4 Geometric Engineering of Supergroup Gauge Theories with
Matters
4.1 The Building Block
To begin with, here we consider following chain geometry:
Zbuild{νi},{ν′i} =
ν1
Q1
ν′T1
Q′1ν2
Q2
ν′T2
νm
Qm
ν′Tm
Q′mνm+1
Qm+1
ν′Tm+1
νm+n
Qm+n
ν′Tm+n
(4.1)
This gives the superconformal theories by gluing N chain geometries along the horizontal
lines. The corresponding amplitude is computed by combining the (anti-)vertices,
Zbuild{νi},{ν′i} =
∑
{µi},{µ′i}
m+n∏
i=1
(−Qi)|µi|(−Q′i)|µ
′
i| ×
m∏
i=1
Cµ′Ti−1µiνi
(t, q)Cµ′iµTi ν′
T
i
(q, t)
×
m+n∏
i=m+1
C¯µ′Ti−1µiνi
(t, q)C¯µ′iµTi ν′
T
i
(t, q),
(4.2)
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with the condition µ0 = µm+n = ø to the top and bottom external legs.
4 After some
computations,5 we have
Zbuild{νi},{ν′i} =
m∏
i=1
q
1
2
||νi||2t
1
2
||ν′Ti ||2 ×
m+n∏
i=m+1
q−
1
2
||νi||2t−
1
2
||ν′Ti ||2
×
m∏
i=1
Z˜νi(t, q)Z˜ν′Ti
(q, t)×
m+n∏
i=m+1
Z˜νi(t
−1, q−1)Z˜ν′Ti (q
−1, t−1)
×
∞∏
i,j=1
[
m∏
a=1
(
1−Qati−νTa,j−
1
2 qj−ν
′
a,i− 12
) m+n∏
a=m+1
(
1−Qat−i+νTa,j+
1
2 q−j+ν
′
a,i+
1
2
)
×
m∏
1≤a<b
(
1−Qτa+1,bQ′ati−ν
′T
a,j− 12 qj−νb,i−
1
2
)(
1−Qτa,b+1Q′−1b ti−ν
T
a,j− 12 qj−ν
′
b,i− 12
)
(
1−Qτa,bti−ν
T
a,jqj−νb,i−1
)(
1−Qτa+1,b+1Q′aQ′−1b ti−ν
′T
a,j−1qj−ν′b,i
)
×
m+n∏
m+1≤a<b
(
1−Qτa+1,bQ′at−i+ν
′T
a,j+
1
2 q−j+νb,i+
1
2
)(
1−Qτa,b+1Q′−1b t−i+ν
T
a,j+
1
2 q−j+ν
′
b,i+
1
2
)
(
1−Qτa,bt−i+ν
T
a,j+1q−j+νb,i
)(
1−Qτa+1,b+1Q′aQ′−1b t−i+ν
′T
a,jq−j+ν′b,i+1
)
×
m∏
a=1
m+n∏
b=m+1
(
1−Qτa+1,bQ′at−i−ν
′T
a,j+
1
2 qj+νb,i−
1
2
)(
1−Qτa,b+1Q′−1b t−i−ν
T
a,j+
1
2 qj+ν
′
b,i− 12
)
(
1−Qτa,bt−i−ν
T
a,j+1qj+νb,i−1
)(
1−Qτa+1,b+1Q′aQ′−1b t−i−ν
′T
a,jqj+ν
′
b,i
) ],
(4.3)
where we parametrize the Ka¨hler parameters as follows:
Qτa,b = QτaQ
−1
τb
(a ≤ b), (4.4a)
Qτa =
m+n∏
j=a
QjQ
′
j . (4.4b)
Normalizing with the empty configuration Zbuild{νi=ø},{ν′i=ø}, this amplitude gives rise to (a half
of) the vector and bifundamental hypermultiplet contributions to the suprgroup gauge theory
4Similarly we can consider the partition function of 6d N = (1, 0) gauge theory on R4 × T 2 by gluing the
top and bottom legs [11]. In that case, we impose the periodic boundary condition, µ0 = µm+n.
5It might be easier to utilize the operator formalism discussed in [25] than using the formulae about Schur
function.
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partition function shown in Sec. 2.2. The explicit form of the normalized amplitude is
Zbuild{νi},{ν′i}
Zbuild{νi=ø},{ν′i=ø}
=
m∏
i=1
q
1
2
||νi||2t
1
2
||ν′Ti ||2 ×
m+n∏
i=m+1
q−
1
2
||νi||2t−
1
2
||ν′Ti ||2
×
m∏
1≤a≤b
Zbifund++ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)Zvect++ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
×
m+n∏
m+1≤a≤b
Zbifund−− ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)Zvect−− ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
×
m∏
a=1
m+n∏
b=m+1
[
Zbifund+− ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)Zbifund−+ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
× Zvect+− ({Q}, {Q′}; {ν}; a, b; t, q)Zvect−+ ({Q}, {Q′}; {ν ′}; a, b; t, q)
]
,
(4.5)
where we define the diagonal parts of the building blocks,
Zbifund++ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
=
∏
(i,j)∈νa
(
1−Qτa,b+1Q′−1b t−i+ν
′T
b,j+
1
2 q−j+νa,i+
1
2
) ∏
(i,j)∈ν′b
(
1−Qτa,b+1Q′−1b ti−ν
T
a,j− 12 qj−ν
′
b,i− 12
)
×
∏
(i,j)∈νb
(
1−Qτa+1,bQ′ati−ν
′T
a,j− 12 qj−νb,i−
1
2
)1−δa,b ∏
(i,j)∈ν′a
(
1−Qτa+1,bQ′at−i+ν
T
b,j+
1
2 q−j+ν
′
a,i+
1
2
)1−δa,b
,
(4.6a)
Zbifund−− ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q) = Zbifund++ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t−1, q−1), (4.6b)
Zvect++ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
=
∏
(i,j)∈νa
1(
1−Qτa,bt−i+ν
T
b,j+1q−j+νa,i
) ∏
(i,j)∈ν′a
1(
1−Qτa+1,b+1Q′aQ′−1b t−i+ν
′T
b,jq−j+ν′a,i+1
)
×
∏
(i,j)∈νb
1(
1−Qτa,bti−ν
T
a,jqj−νb,i−1
)1−δa,b ∏
(i,j)∈ν′b
1(
1−Qτa+1,b+1Q′aQ′−1b ti−ν
′T
a,j−1qj−ν′b,i
)1−δa,b ,
(4.6c)
Zvect−− ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
=
∏
(i,j)∈νa
1(
1−Qτa,bti−ν
T
b,jqj−νa,i−1
) ∏
(i,j)∈ν′a
1(
1−Qτa+1,b+1Q′aQ′−1b ti−ν
′T
b,j−1qj−ν′a,i
)
×
∏
(i,j)∈νb
1(
1−Qτa,bt−i+ν
T
a,j+1q−j+νb,i
)1−δa,b ∏
(i,j)∈ν′b
1(
1−Qτa+1,b+1Q′aQ′−1b t−i+ν
′T
a,jq−j+ν′b,i+1
)1−δa,b ,
(4.6d)
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with
δa,b =
1 for a = b,0 for a 6= b, (4.7)
and off-diagonal parts of the building blocks,
Zbifund+− ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
=
νa,1∏
j=1
ν′Tb,1∏
i=1
(
1−Qτa,b+1Q′−1b t−i−ν
T
a,j+
1
2 qj+ν
′
b,i− 12
)
(1−Qτa,b+1Q′−1b t−i+
1
2 qj−
1
2 )
×
∏
(i,j)∈νa
1
(1−Qτa,b+1Q′−1b t−ν
′T
b,1−i+ 12 qj−
1
2 )
∏
(i,j)∈ν′b
1
(1−Qτa,b+1Q′−1b t−i+
1
2 qj+νa,1−
1
2 )
,
(4.8a)
Zbifund−+ ({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q)
=
ν′a,1∏
j=1
νTb,1∏
i=1
(
1−Qτa+1,bQ′at−i−ν
′T
a,j+
1
2 qj+νb,i−
1
2
)
(1−Qτa+1,bQ′at−i+
1
2 qj−
1
2 )
×
∏
(i,j)∈ν′a
1
(1−Qτa+1,bQ′at−ν
T
b,1−i+ 12 qj−
1
2 )
∏
(i,j)∈νb
1
(1−Qτa+1,bQ′at−i+
1
2 qj+ν
′
a,1− 12 )
,
(4.8b)
Zvect+− ({Q}, {Q′}; {ν ′}; a, b; t, q)
=
ν′a,1∏
j=1
ν′Tb,1∏
i=1
(1−Q′aQ′−1b Qτa+1,b+1t−iqj)(
1−Q′aQ′−1b Qτa+1,b+1t−i−ν
′T
a,jqj+ν
′
b,i
)
×
∏
(i,j)∈ν′a
(1−Q′aQ′−1b Qτa+1,b+1t−ν
′T
b,1−iqj)
∏
(i,j)∈ν′b
(1−Q′aQ′−1b Qτa+1,b+1t−iqj+ν
′
a,1),
(4.8c)
Zvect−+ ({Q}, {Q′}; {ν}; a, b; t, q)
=
νa,1∏
j=1
νTb,1∏
i=1
(1−Qτa,bt−i+1qj−1)(
1−Qτa,bt−i−ν
T
a,j+1qj+νb,i−1
)
×
∏
(i,j)∈νa
(1−Qτa,bt−ν
T
b,1−i+1qj−1)
∏
(i,j)∈νb
(1−Qτa,bt−i+1qj+νa,1−1). (4.8d)
We remark that the contribution shown here is the instanton part, which is a finite contri-
bution obtained from the full partition function by subtracting the one-loop part. To show
the agreement with the expressions given in Sec. 2.2, we use following symmetric property
under two partitions,
Zbifund+−,−+({Q}, {Q′}; {ν}, {ν ′}; a, b; t, q) = Zbifund+−,−+({Q}, {Q′}; {ν ′}, {ν}, a, b; t, q). (4.9)
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In this expression, the numerator Zbuild{νi},{ν′i} is identified with the full partition function,
while the denominator Zbuild{νi=ø},{ν′i=ø} is the one-loop part, so that their ratio gives rise to
the instanton partition function by gluing the building blocks. In addition, the fundamental
and antifundamental matter contributions are reproduced by either νi = ø or ν
′
i = ø for
i = 1, . . . ,m + n. We can then construct the linear quiver supergroup gauge theory with
this building blocks. For example, Ak quiver gauge theory, U(m|n)⊗k, is realized with k+ 1
chains (NS5 branes):
m
n
k + 1
(4.10)
The corresponding quiver diagram is given by
k
(4.11)
where we denote the gauge node by and the flavor node by , and all the nodes are
associated with U(m|n) group. In addition to the A-type quiver, one can also consider more
generic quivers [26].
4.2 One-to-Many Correspondence: Gauge Theory and Geometry
The open string on stack of D-branes gives rise to the non-Abelian gauge field degrees of
freedom. In order to obtain the supergroup gauge field, on the other hand, we need the
positive and negative branes [16]. Hence, if considering stack of them, we have to take care
of the ordering of the branes.
Firstly let us consider the superconformal theories since we need not take into account
the framing factor. More concretely, here we consider the Hanany–Witten type configuration
for U(2|1) gauge theory with six flavors, which consists of two positive and one negative D4
branes suspended between NS5 branes, and four positive and two negative semi-infinite D4
branes. In this case, there are three possibilities for changing the position of positive and
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negative gauge branes as follows:
(a) (b) (c)
(4.12)
This one-to-many correspondence between the gauge theory and the brane configurations is
a peculiar property to the supergroup theory, which is essentially related to the ambiguity
of the simple root decomposition of the supergroup. Besides the brane configurations, we
show the corresponding Dynkin diagrams of U(2|1): (a) , (b) , and (c) , where
the node denoted by is the fermionic node [27]. The correspondence is as follows: We
assign the ordinary node to the neighboring pair of D4+-D4+ or D4−-D4− branes, and the
fermionic node is assigned to the neighboring pair of D4+-D4− branes. This argument is
also applicable to the external flavor branes.
We check the equivalence among these descriptions (4.12) at the level of the partition
function.
(a)
QH1,a
QH2,a
QH3,a
Q
(1)
1,a
Q′(1)1,a
Q
(1)
2,a
Q′(1)2,a
Q
(1)
3,a
Q
(2)
1,a
Q′(2)1,a
Q
(2)
2,a
Q′(2)2,a
Q
(2)
3,a
(b)
QH1,b
QH2,b
QH3,b
Q
(1)
1,b
Q′(1)1,b
Q
(1)
2,b
Q′(1)2,b
Q
(1)
3,b
Q
(2)
1,b
Q′(2)1,b
Q
(2)
2,b
Q′(2)2,b
Q
(2)
3,a
(c)
QH1,c
QH2,c
QH3,c
Q
(1)
1,c
Q′(1)1,c
Q
(1)
2,c
Q′(1)2,c
Q
(1)
3,c
Q
(2)
1,c
Q′(2)1,c
Q
(2)
2,c
Q′(2)2,c
Q
(2)
3,c
(4.13)
We take the preferred direction along the horizontal lines, so that the partition functions
can be decomposed into left and right building blocks. The equivalence between the gauge
theories corresponding to the web diagrams (a) and (c) is trivial because of those shapes, so
that here we consider the web diagrams (a) and (b). From the results in Sec. 4, we obtain
Z(a) =
∑
µ1,2,3
(−QH1,a)|µ1|(−QH2,a)|µ2|(−QH3,a)|µ3|t
1
2
(||µT1 ||2+||µT2 ||2−||µT3 ||2)q
1
2
(||µ1||2+||µ2||2−||µ3||2)
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×
2∏
1≤i≤j
[
Zbifund++ ({Q(1)a }, {Q′(1)a }; {ø}, {µ}; i, j; t, q)Zvect++ ({Q(1)a }, {Q′(1)a }; {ø}, {µ}; i, j; t, q)
× Zbifund++ ({Q(2)a }, {Q′(2)a }; {µ}, {ø}; i, j; t, q)Zvect++ ({Q(2)a }, {Q′(2)a }; {µ}, {ø}; i, j; t, q)
]
× Zbifund−− ({Q(1)a }, {Q′(1)a }; {ø}, {µ}; 3, 3; t, q)Zvect−− ({Q(1)a }, {Q′(1)a }; {ø}, {µ}; 3, 3; t, q)
× Zbifund−− ({Q(2)a }, {Q′(2)a }; {µ}, {ø}; 3, 3; t, q)Zvect−− ({Q(2)a }, {Q′(2)a }; {µ}, {ø}; 3, 3; t, q)
×
2∏
i=1
[
Zbifund+− ({Q(1)a }, {Q′(1)a }; {ø}, {µ}; i, 3; t, q)Zbifund−+ ({Q(1)a }, {Q′(1)a }; {ø}, {µ}; i, 3; t, q)
× Zbifund+− ({Q(2)a }, {Q′(2)a }; {µ}, {ø}; i, 3; t, q)Zbifund−+ ({Q(2)a }, {Q′(2)a }; {µ}, {ø}; i, 3; t, q)
× Zvect+− ({Q(1)a }, {Q′(1)a }; {µ}; i, 3; t, q)Zvect−+ ({Q(2)a }, {Q′(2)a }; {µ}, ; i, 3; t, q)
]
,
(4.14a)
Z(b) =
∑
µ1,2,3
(−QH1,b)|µ1|(−QH2,b)|µ2|(−QH3,b)|µ3|t
1
2
(||µT1 ||2+||µT2 ||2−||µT3 ||2)q
1
2
(||µ1||2+||µ2||2−||µ3||2)
×
3∏
1≤i≤j,i6=2,j 6=2
[
Zbifund++ ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; i, j; t, q)Zvect++ ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; i, j; t, q)
× Zbifund++ ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; i, j; t, q)Zvect++ ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; i, j; t, q)
]
× Zbifund−− ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; 2, 2; t, q)Zvect−− ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; 2, 2; t, q)
× Zbifund−− ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; 2, 2; t, q)Zvect−− ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; 2, 2; t, q)
×
[
Zbifund+− ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; 1, 2; t, q)Zbifund−+ ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; 1, 2, t, q)
× Zbifund+− ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; 2, 3; t−1, q−1)Zbifund−+ ({Q(1)b }, {Q′(1)b }; {ø}, {µ}; 2, 3, t−1, q−1)
× Zbifund+− ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; 1, 2; t, q)Zbifund−+ ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; 1, 2; t, q)
× Zbifund+− ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; 2, 3; t−1, q−1)Zbifund−+ ({Q(2)b }, {Q′(2)b }; {µ}, {ø}; 2, 3; t−1, q−1)
× Zvect+− ({Q(1)b }, {Q′(1)b }; {µ}; 1, 2; t, q)Zˇvect+− ({Q(1)b }, {Q′(1)b }; {µ}; 2, 3; t−1, q−1)
× Zvect−+ ({Q(2)b }, {Q′(2)b }; {µ}; 1, 2; t, q)Zˇvect−+ ({Q(2)b }, {Q′(2)b }; {µ}; 2, 3; t−1, q−1)
]
,
(4.14b)
where Zˇvect+−,−+ is the shifted contribution by (t/q)±1,
Zˇvect+− ({Q}, {Q′}; {ν}; a, b; t, q)
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=νa,1∏
j=1
νTb,1∏
i=1
(1−Qτa,bt−iqj)(
1−Qτa,bt−i−ν
T
a,jqj+νb,i
) ∏
(i,j)∈νa
(1−Qτa,bt−ν
T
b,1−iqj)
∏
(i,j)∈νb
(1−Qτa,bt−iqj+νa,1),
(4.15a)
Zˇvect−+ ({Q}, {Q′}; {ν ′}; a, b; t, q)
=
ν′a,1∏
j=1
ν′Tb,1∏
i=1
(1−Q′aQ′−1b Qτa+1,b+1t−i+1qj−1)(
1−Q′aQ′−1b Qτa+1,b+1t−i−ν
′T
a,j+1qj+ν
′
b,i−1
)
×
∏
(i,j)∈ν′a
(1−Q′aQ′−1b Qτa+1,b+1t−ν
′T
b,1−i+1qj−1)
∏
(i,j)∈ν′b
(1−Q′aQ′−1b Qτa+1,b+1t−i+1qj+ν
′
a,1−1).
(4.15b)
We find the agreement between these partition functions under the following parameter
correspondence,
Q
(I)
1,a = Q
(I)
1,b , Q
′(I)
1,a = Q
(I)
τ2,aQ
′(I)
1,b , Q
(I)
2,a = Q
(I)
3,b , Q
′(I)
2,a =
(
Q
(I)
2,bQ
′(I)
2,bQ
(I)
3,b
)−1
, Q
(I)
3,a = Q
(I)
2,b ,
(4.16a)
where I = 1, 2. To reach the results, we flip the Ka¨hler parameters, e.g.,
µT3,1∏
j=1
µ2,1∏
i=1
1−Q2tiq−j
1−Q2ti+µT3,jq−j−µ2,i
∏
(i,j)∈µ3
(
1−Q2tµT2,1+iq−j
) ∏
(i,j)∈µ2
(
1−Q2tiq−j−µ3,1
)
= Q
|µ2|+|µ3|
2 f˜µ2(t, q)f˜µ3(t, q)
×
µT3,1∏
j=1
µ2,1∏
i=1
1−Q−12 t−iqj
1−Q2t−i−µT3,jqj+µ2,i
∏
(i,j)∈µ3
(
1−Q−12 t−µ
T
2,1−iqj
) ∏
(i,j)∈µ2
(
1−Q2t−iqj+µ3,1
)
.
(4.17)
In addition to above ambiguities, we also can change the position of flavor brane, which
leads to additional ambiguity. For example, we consider following brane set up and corre-
sponding (p, q) 5-brane web diagram as following:
QH1,a′
QH2,a′
QH3,a′
Q
(1)
1,a′
Q′(1)1,a′
Q
(1)
2,a′
Q′(1)2,a′
Q
(1)
3,a′
Q
(2)
1,a′
Q′(2)1,a′
Q
(2)
2,a′
Q′(2)2,a′
Q
(2)
3,a′
(4.18)
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We do not repeat the same computation here, but one can show that by setting the Ka¨hler
parameters to
Q
(1)
1,a′ = Q
(1)
1,a,
Q′(1)1,a′ = Q
′(1)
1,aQ
(1)
2,aQ
′(1)
2,a, Q
(1)
2,a′ =
(
Q′(1)2,a
)−1
, Q′(1)2,a′ =
(
Q
(1)
2,a
)−1
, Q
(1)
3,a′ = Q
(1)
2,aQ
′(1)
2,aQ
(1)
3,a,
QH2,a′ = Q
(1)
2,aQ
′(1)
2,aQH2,a ,
(4.19)
the partition function of (4.18) agrees with (4.14a).
Therefore, we conclude that there are non-unique web diagram descriptions for a super-
group gauge theory, however, all of the descriptions are equivalent in the sense that they
provide the the partition functions under the suitable parameter correspondence.
5 Towards Geometric Engineering for Pure Gauge Theories
5.1 Building block
To consider more general supergroup gauge theories, especially the pure supergroup gauge
theories, we calculate another kinds of chain geometry, constructed by both the ordinary
vertex and the anti-vertex given by the following web diagrams with non-trivial boundary
conditions along the external lines:
ZL{νi} =
ν1
Q1
ν2
νmQm
νm+1
νm+n
ZR{νi} =
νT1 Q1
νT2
νTm Qm
νTm+1
νTm+n
(5.1)
By gluing them along the horizontal lines, we can construct the pure U(m|n) supergroup
gauge theories, which is a natural generalization of the U(n) gauge theory [28, 29]. The chain
geometry amplitude is written using the vertices,
ZL{νi} =
∑
{µi},{ηj}
m+n∏
i=1
(−Qi)|µi| ×
m+m∏
i=1
f−1µi (q, t)
×
m∏
i=1
CµiλTi−1νi
(t, q)×
m+n∏
i=m+1
C¯µiλTi−1νi
(t, q),
(5.2)
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where we impose λ0 = µm+n = ø corresponding to the most top and bottom external lines.
Applying the formulae for the skew-Schur function, we find
ZL{νi} =
m∏
i=1
q
1
2
||νi||2 ×
m+n∏
i=m+1
q−
1
2
||νi||2 ×
m∏
i=1
Z˜νi(t, q)×
m+n∏
i=m+1
Z˜νi(t
−1, q−1)
×
∞∏
i,j=1
[
m∏
1≤a<b
1
(1−Qabti−ν
T
b,jqj−νa,i−1)
×
m+n∏
m+1≤a<b
1
(1−Qabt−i+ν
T
b,j+1q−j+νa,i)
×
m∏
a=1
m+n∏
b=m+1
1
(1−Qabti+ν
T
b,jq−j−νa,i)
]
,
(5.3)
where
Qab =
b−1∏
j=a
Qj . (5.4)
Similarly, we find the expression for the other case, ZR{νi},
ZR{νi} =
m∏
i=1
t
1
2
||νTi ||2 ×
m+n∏
i=m+1
t−
1
2
||νTi ||2 ×
m∏
i=1
Z˜νTi
(q, t)×
m+n∏
i=m+1
Z˜νTi
(q−1, t−1)
×
∞∏
i,j=1
[
m∏
1≤a<b
1
(1−Qabti−ν
T
b,j−1qj−νa,i)
×
m+n∏
m+1≤a<b
1
(1−Qabt−i+ν
T
b,jq−j+νa,i+1)
×
m∏
a=1
m+n∏
b=m+1
1
(1−Qabti+ν
T
b,j+1q−j−νa,i−1)
]
.
(5.5)
The product of these building block with a normalization factor,
Zvect{νi} =
ZL{νi}ZR{νi}
ZL{νi=ø}ZR{νi=ø}
, (5.6)
agrees with the instanton partition function of 5d N = 1 U(m|n) pure gauge theory obtained
in Sec. 2.2. The extra factor coming from the framing is identified with the Chern–Simons
term in 5d gauge theory.
Here we provide each normalized building blocks, which can be given by Zvect++,+−,−+,−−,
ZL{νi}
ZL{νi=ø}
=
m∏
i=1
q
1
2
||νi||2 ×
m+n∏
i=m+1
q−
1
2
||νi||2
×
[
m∏
1≤a≤b
Zvect++ ({Q}; {ø}, {νT}; a, b, q, t)
∣∣∣
Rep
×
m+n∏
m+1≤a≤b
Zvect−− ({Q}; {ø}, {νT}; a, b, q, t)
∣∣∣
Rep
×
m∏
a=1
m+n∏
b=m+1
Zvect+− ({Q}; {ø}, {νT}; a, b, q, t)
∣∣∣
Rep
]
, (5.7a)
ZR{νi}
ZR{νi=ø}
=
m∏
i=1
t
1
2
||νTi ||2 ×
m+n∏
i=m+1
t−
1
2
||νTi ||2
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×
[
m∏
1≤a≤b
Zvect++ ({Q}; {νT}, {ø}; a, b, q, t)
∣∣∣
Rep
×
m+n∏
m+1≤a≤b
Zvect−− ({Q}; {νT}, {ø}; a, b, q, t)
∣∣∣
Rep
×
m∏
a=1
m+n∏
b=m+1
Zvect−+ ({Q}; {νT}, {ø}; a, b, q, t)
∣∣∣
Rep
]
, (5.7b)
where “Rep” denotes the following replacement,
Qτa,b → Qab, Q′aQ′−1b Qτa+1,b+1 → Qab. (5.8)
We remark the relation between the web diagram discussed above and the brane setup [18,
19]. It is known that the web diagram is interpreted as the web of (p, q) five branes, and the
current setup, associated with 5d N = 1 U(m|n) gauge theory, is T-dual to the Hanany–
Witten type configuration for 4d N = 2 theory:
T dual
NS5 NS5
m D4+
n D4−
(5.9)
Under this duality, D5 branes are converted to D4 branes in Type IIA theory. The horizontal
solid line stands for the positive D4 branes and the dashed line is the negative D4 branes,
denoted by D4+ and D4−, respectively.
5.2 Vertex vs. Anti-Vertex
We discuss a possible relation between the ordinary vertex and the anti-vertex. Here we
consider the unrefined case t = q for simplicity,
C¯λµν(q) = C¯λµν(q, q) = q
1
2
(κµ+κν)sνT(q
ρ)
∑
η
sλT/η(q
ρ+ν)sµ/η(q
ρ+νT). (5.10)
One can show that the anti-vertex is equivalent to the ordinary vertex up to the framing
factor,
Cλµν(q) = fλf
−1
µ fνC¯µλν(q), (5.11)
where fµ = fµ(q, q). Graphically this relation can be expressed as follows:
λ
µ
ν = fλf
−1
µ f
−1
ν
λ
µ
ν
(5.12)
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As mentioned before, the anti-vertex is obtained by flipping the coupling constant, q ↔ q−1.
The Schur function formula (A.5b) implies that such a flip leads to transposition of the
partition λ ↔ λT, which is similar to the relation between the vertices with clockwise and
anticlockwise orientations,
Cλµν(q) = (−1)|λ|+|µ|+|ν|f−1λ f−1µ f−1ν CµTλTνT(q). (5.13)
The relation (5.11) (or graphically Fig. (5.12)) leads to the equivalence of the web
diagrams with and without the anti-vertex. For example, we consider the following diagrams:
(a) ø
ν1
ν2
ν3
ø
Q1
Q2
ø
ν1
ν2
νT3
ø
Q1
Q2
(b)
(5.14)
The left diagram is the chain geometry (5.1), which is the building block for U(2|1) gauge
theory. Applying the relation (5.12), we obtain the right diagram which does not contain the
anti-vertices. This is not just a coincidence because the Calabi–Yau geometry corresponding
to the right diagram is known to be related to the superalgebra gl2|1 [30, 31, 32].
More concretely, we can see the equivalence at the level of the building block. It is already
given for the configuration (a) in (5.7a),
Z(a) =
ZL{νi}
ZL{νi=ø}
∣∣∣∣∣
a=2,b=1,t=q
(5.15)
and, for the configuration (b), it is given by
Z(b){νi} = sνT1 (q
−ρ)sνT2 (q
−ρ)sν3(q
−ρ)
×
∏
(i,j)∈ν1
(1−Q1Q2qi+j−ν1,i−νT3,j−1)
(1−Q1qi+j−ν1,i−νT2,j−1)
∏
(i,j)∈ν2
(1−Q2qi+j−ν2,i−νT3,j−1)
(1−Q1q−i−j+ν2,i+νT1,j+1)
×
∏
(i,j)∈ν3
(1−Q1Q2q−i−j+ν3,i+νT1,j+1)(1−Q2q−i−j+ν3,i+νT2,j+1).
(5.16)
By using the analytic continuation formula (A.7), we find the agreement between these
expressions.
6 Summary and Discussion
In this paper, we have proposed a new topological vertex formalism including the anti-vertex,
which is motivated by the supergroup gauge theory. We have computed several topological
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string amplitudes, and shown their agreement with the supergroup gauge theory partition
function. We have then pointed out the one-to-many correspondence between the gauge
theory and the Calabi–Yau geometry, which is a specific property of the supergroup theory.
We have also discussed the relation between the ordinary vertex and the anti-vertex through
the analytic continuation. This is consistent with the known argument on the supergroup
theory.
Although we have introduced the anti-vertex and the associated web diagrams, its geo-
metric interpretation is not yet obvious. In order to engineer the SU(n) gauge symmetry,
the An−1 singularity involved in the Calabi–Yau geometry is utilized to reproduce the gauge
theory result. This implies that we should consider an exotic singularity, i.e., Am−1|n−1
singularity, to realize the SU(m|n) gauge theory. Actually the Taub-NUT geometry with
the negative charge discussed in [18] would be interpreted as an example with such a super-
type singularity, which also suggests a super analog of the McKay–Nakajima correspon-
dence [33, 34, 35]. Another issue in the anti-vertex formalism is the framing factor. In this
paper, we have mainly considered the situation in which the framing factor does not play
a crucial role. In order to apply our formalism to more generic Calabi–Yau geometries, it
would be important to provide a precise prescription to fix the framing factor.
We also remark a possible application of the formalism presented in this paper to the
quiver gauge theory having the fermionic node, which should be interpreted as the base/fibre
dual; S-dual; spectral dual to the situation studied in this paper. It would be interesting to
apply the topological vertex/anti-vertex formalism to explore such a new configuration in
gauge theory [36, 37, 38].
In addition to the partition function itself, it is also interesting to study the situation in
the presence of the defect operators. For example, the qq-character [39, 40, 41] introduced in
gauge theory has a realization using a codimension-4 defect, whose topological string setup
has been proposed in [42]. Another important class of the defect, which is a codimension-2
surface defect, can be also discussed in the context of topological string [43, 44, 45] through
the geometric transition [46]. It would be a natural generalization to apply this formalism to
the present case involving the anti-vertex, and its justification from the gauge theory point
of view would be also an interesting issue.
Acknowledgements
The work of TK was supported in part by the French “Investissements d’Avenir” program,
project ISITE-BFC (No. ANR-15-IDEX-0003), JSPS Grant-in-Aid for Scientific Research
(No. JP17K18090), the MEXT-Supported Program for the Strategic Research Foundation
at Private Universities “Topological Science” (No. S1511006), JSPS Grant-in-Aid for Scien-
22
tific Research on Innovative Areas “Topological Materials Science” (No. JP15H05855), and
“Discrete Geometric Analysis for Materials Design” (No. JP17H06462). The work of YS was
support by a grant from the NSF of China with Grant No: 11947301.
A Notation, Definition, and Formulae
A.1 Notation and Definition
Here we summarize the definitions and notations used in this paper. For a given partition
λ, we denote the transposed partition by λT. The refined topological vertex is given by
Cλµν(t, q) = t
− ||µt||2
2 q
||µ||2+||ν||2
2 Z˜ν(t, q)
∑
η
(q
t
) |η|+|λ|−|µ|
2
sλT/η(t
−ρq−ν)sµ/η(t−ν
T
q−ρ),
Z˜ν(t, q) =
∏
(i,j)∈ν
(1− qνi−jtνTj −i+1)−1,
(A.1)
where
|µ| =
l(µ)∑
i=1
µi, ||µ||2 =
l(µ)∑
i=1
µ2i , ρ :=
{
−i+ 1
2
}
i=1,...,∞
, (A.2)
and sµ/η(x) is the so-called skew-Schur function. The third component of the refined topo-
logical vertex is called as the preferred direction. The refined topological vertex is simplified
in the unrefined limit t = q,
Cλµν(q, q) = q
κµ
2 sνT(q
−ρ)
∑
η
sλT/η(q
−ν−ρ)sµ/η(q−ρ−ν
T
). (A.3)
To glue two vertices, we need to insert the framing factors,
fµ(t, q) = (−1)|µ|t
||µT||2
2 q−
||µ||2
2 for the preferred direction,
f˜µ(t, q) = (−1)|µ|
(
t
q
) |µ|
2
t
||µT||2
2 q−
||µ||2
2 for other directions,
(A.4)
which are the same under the unrefined limit.
A.2 Schur function formulae
The (refined) topological vertex is given using the Schur function. Here we summarize some
formulae for the Schur function that we use for the caluculation:
sλ/µ(αx) = α
|λ|−|µ|sλ/µ(x), (A.5a)
sα(q
ρ+β) = (−1)|α|sαT(q−ρ−β
T
), (A.5b)
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∑
η
sη/λ(x)sη/µ(y) =
∞∏
i,j=1
(1− xiyj)−1
∑
η
sµ/η(x)sλ/η(y), (A.5c)
∑
η
sηT/λ(x)sη/µ(y) =
∞∏
i,j=1
(1 + xiyj)
∑
η
sµT/ηT(x)sλT/η(y). (A.5d)
To relate the topological string partition function to the Nekrasov partition function, we
sometimes use following normalization formulae:
∞∏
i,j=1
1−Qqνi−jtµTj −i+1
1−Qq−jt−i+1 =
∏
(i,j)∈ν
(1−Qqνi−jtµTj −i+1)
∏
(i,j)∈µ
(1−Qq−µi+j−1t−νTj +i), (A.6a)
∏
i,j=1
1−Qti+µTj q−j−νi
1−Qtiq−j =
µ1∏
j=1
νT1∏
i=1
1−Qti+µTj q−j−νi
1−Qtiq−j
∏
(i,j)∈µ
1
1−QtνT1 +iq−j
∏
(i,j)∈ν
1
1−Qtiq−j−µ1 .
(A.6b)
The first formula is frequently used to compare the topological string amplitude with the
gauge theory partition function, whereas the second one is particularly used for the anti-
vertex formalism.
A.3 Analytic continuation formula
To show the equivalence of the partition functions of supergroup gauge theories and usual
gauge theories, we use following formula,
∞∏
i,j=1
(1−Qqi+j−βi−γTj −1) =
∞∏
i,j=1
1
1−Qq−i+j+βTi −γTj
. (A.7)
To show the agreement of the partition functions for more than two web diagrams giving
U(2|1) gauge theory, we use following formula,
∞∏
i,j=1
(1−Qti−γTj − 12 qj−βi− 12 ) =
∞∏
i,j=1
(1−Qt−i+βTj + 12 q−j+γi+ 12 ). (A.8)
References
[1] E. Witten, “Solutions of four-dimensional field theories via M-theory,” Nucl. Phys.
B500 (1997) 3–42, arXiv:hep-th/9703166.
[2] N. A. Nekrasov, “Seiberg–Witten prepotential from instanton counting,” Adv. Theor.
Math. Phys. 7 (2004) 831–864, hep-th/0206161.
[3] M. Marino and N. Wyllard, “A Note on instanton counting for N = 2 gauge theories
with classical gauge groups,” JHEP 05 (2004) 021, arXiv:hep-th/0404125 [hep-th].
24
[4] N. Nekrasov and S. Shadchin, “ABCD of instantons,” Commun. Math. Phys. 252
(2004) 359–391, arXiv:hep-th/0404225.
[5] A. Iqbal, C. Kozcaz, and C. Vafa, “The Refined topological vertex,” JHEP 10 (2009)
069, arXiv:hep-th/0701156 [hep-th].
[6] M. Aganagic, A. Klemm, M. Marino, and C. Vafa, “The Topological vertex,”
Commun. Math. Phys. 254 (2005) 425–478, arXiv:hep-th/0305132 [hep-th].
[7] H. Awata and H. Kanno, “Instanton counting, Macdonald functions and the moduli
space of D-branes,” JHEP 05 (2005) 039, arXiv:hep-th/0502061 [hep-th].
[8] S. H. Katz, A. Klemm, and C. Vafa, “Geometric engineering of quantum field
theories,” Nucl. Phys. B497 (1997) 173–195, arXiv:hep-th/9609239 [hep-th].
[9] S. Katz, P. Mayr, and C. Vafa, “Mirror symmetry and exact solution of 4-D N = 2
gauge theories: 1.,” Adv. Theor. Math. Phys. 1 (1998) 53–114,
arXiv:hep-th/9706110 [hep-th].
[10] R. Dijkgraaf and C. Vafa, “Matrix models, topological strings, and supersymmetric
gauge theories,” Nucl. Phys. B644 (2002) 3–20, arXiv:hep-th/0206255 [hep-th].
[11] T. J. Hollowood, A. Iqbal, and C. Vafa, “Matrix models, geometric engineering and
elliptic genera,” JHEP 03 (2008) 069, arXiv:hep-th/0310272 [hep-th].
[12] B. Haghighat, A. Iqbal, C. Kozcaz, G. Lockhart, and C. Vafa, “M-Strings,” Commun.
Math. Phys. 334 no. 2, (2015) 779–842, arXiv:1305.6322 [hep-th].
[13] B. Haghighat, C. Kozcaz, G. Lockhart, and C. Vafa, “Orbifolds of M-strings,” Phys.
Rev. D89 (2014) 046003, arXiv:1310.1185 [hep-th].
[14] S.-S. Kim, M. Taki, and F. Yagi, “Tao Probing the End of the World,” PTEP 2015
no. 8, (2015) 083B02, arXiv:1504.03672 [hep-th].
[15] H. Hayashi, S.-S. Kim, K. Lee, and F. Yagi, “Equivalence of several descriptions for 6d
SCFT,” JHEP 01 (2017) 093, arXiv:1607.07786 [hep-th].
[16] T. Okuda and T. Takayanagi, “Ghost D-branes,” JHEP 03 (2006) 062,
arXiv:hep-th/0601024 [hep-th].
[17] C. Vafa, “Brane/anti-brane systems and U(N |M) supergroup,”
arXiv:hep-th/0101218 [hep-th].
[18] R. Dijkgraaf, B. Heidenreich, P. Jefferson, and C. Vafa, “Negative Branes, Supergroups
and the Signature of Spacetime,” JHEP 02 (2018) 050, arXiv:1603.05665 [hep-th].
25
[19] T. Kimura and V. Pestun, “Super instanton counting and localization,”
arXiv:1905.01513 [hep-th].
[20] D. Gaiotto and E. Witten, “Janus configurations, Chern–Simons couplings, and the
θ-angle in N = 4 super Yang–Mills theory,” JHEP 1006 (2010) 097,
arXiv:0804.2907 [hep-th].
[21] N. Drukker and D. Trancanelli, “A Supermatrix model for N = 6 super
Chern–Simons–matter theory,” JHEP 1002 (2010) 058, arXiv:0912.3006 [hep-th].
[22] M. Marin˜o and P. Putrov, “Exact Results in ABJM Theory from Topological Strings,”
JHEP 1006 (2010) 011, arXiv:0912.3074 [hep-th].
[23] V. Mikhaylov and E. Witten, “Branes and Supergroups,” Commun. Math. Phys. 340
(2015) 699–832, arXiv:1410.1175 [hep-th].
[24] T. Kimura and V. Pestun, “Quiver elliptic W-algebras,” arXiv:1608.04651
[hep-th].
[25] T. Kimura and Y. Sugimoto, “Quantum mirror curve of periodic chain geometry,”
JHEP 04 (2019) 147, arXiv:1810.01885 [hep-th].
[26] T. Kimura and R.-D. Zhu, “Web Construction of ABCDEFG and Affine Quiver Gauge
Theories,” JHEP 09 (2019) 025, arXiv:1907.02382 [hep-th].
[27] V. G. Kac, “Lie Superalgebras,” Adv. Math. 26 (1977) 8–96.
[28] A. Iqbal and A.-K. Kashani-Poor, “SU(N) geometries and topological string
amplitudes,” Adv. Theor. Math. Phys. 10 no. 1, (2006) 1–32, arXiv:hep-th/0306032
[hep-th].
[29] T. Eguchi and H. Kanno, “Topological strings and Nekrasov’s formulas,” JHEP 12
(2003) 006, arXiv:hep-th/0310235 [hep-th].
[30] K. Costello, “The cohomological Hall algebra and M-theory.” Structures in
Enumerative Geometry, Mar., 2018. http://www.msri.org/workshops/816.
[31] K. Costello, “Cohomological Hall algebras from string and M theory.” Cohomological
Hall Algebras in Mathematics and Physics, Feb., 2019.
https://www.perimeterinstitute.ca/conferences/
cohomological-hall-algebras-mathematics-and-physics.
[32] M. Rapcˇa´k, “On Extensions of ̂gl(m|n) Kac–Moody algebras and Calabi–Yau
Singularities,” arXiv:1910.00031 [hep-th].
26
[33] J. McKay, “Graphs, singularities, and finite groups,” in
The Santa Cruz Conference on Finite Groups, vol. 37 of Proc. Symp. Pure Math.,
pp. 183–186. AMS, 1981.
[34] H. Nakajima, “Instantons on ALE spaces, quiver varieties, and Kac–Moody algebras,”
Duke Math. 76 (1994) 365–416.
[35] H. Nakajima, “Quiver varieties and Kac–Moody algebras,” Duke Math. 91 (1998)
515–560.
[36] D. Orlando and S. Reffert, “Relating Gauge Theories via Gauge/Bethe
Correspondence,” JHEP 10 (2010) 071, arXiv:1005.4445 [hep-th].
[37] N. Nekrasov, “Superspin chains and supersymmetric gauge theories,” JHEP 1903
(2019) 102, arXiv:1811.04278 [hep-th].
[38] Y. Zenkevich, “Higgsed network calculus,” arXiv:1812.11961 [hep-th].
[39] J.-E. Bourgine, Y. Mastuo, and H. Zhang, “Holomorphic field realization of SHc and
quantum geometry of quiver gauge theories,” JHEP 04 (2016) 167,
arXiv:1512.02492 [hep-th].
[40] N. Nekrasov, “BPS/CFT correspondence: non-perturbative Dyson–Schwinger
equations and qq-characters,” JHEP 03 (2016) 181, arXiv:1512.05388 [hep-th].
[41] T. Kimura and V. Pestun, “Quiver W-algebras,” arXiv:1512.08533 [hep-th].
[42] T. Kimura, H. Mori, and Y. Sugimoto, “Refined geometric transition and
qq-characters,” JHEP 01 (2018) 025, arXiv:1705.03467 [hep-th].
[43] T. Dimofte, S. Gukov, and L. Hollands, “Vortex Counting and Lagrangian
3-manifolds,” Lett. Math. Phys. 98 (2011) 225–287, arXiv:1006.0977 [hep-th].
[44] M. Taki, “Surface Operator, Bubbling Calabi–Yau and AGT Relation,” JHEP 07
(2011) 047, arXiv:1007.2524 [hep-th].
[45] H. Mori and Y. Sugimoto, “Surface Operators from M-strings,” Phys. Rev. D95
(2017) 026001, arXiv:1608.02849 [hep-th].
[46] R. Gopakumar and C. Vafa, “On the gauge theory/geometry correspondence,” Adv.
Theor. Math. Phys. 3 (1999) 1415–1443, arXiv:hep-th/9811131 [hep-th].
27
